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A quantum system with discrete and continuos evolution spectrum is studied. A final pointer 
basis is found, that can be defined in a precised mathematical way. This result is used to explain 
the quantum measurement in the system. 



I. INTRODUCTION 



o 
o 

In the last three years we have devoted some papers to the study of a method to deal with quantum systems 
endowed with a continuous evolution spectrum |01 Q 0. One of the results of this research was paper 

00 ; (that can be considered as the part one of this paper) where decoherence was found in a system with continuous 
(N . energy spectrum < a; < oo and a sole discrete eigenvalue ujq < 0. It was demostrated that this system decoheres 
in a precisely defi,ned final pointer basis. The corresponding Wigner functions were calculated and the classical limit 
was found. But in this example there was just one discrete eigenvalue non overlapping with the continuous spectrum, 
I and therefore it was impossible to use systems of this kind to explain quantum measurements. 
. On the contrary in this paper we will solve the problem for a system with a free Hamiltonian with discrete spectrum 
T-H ' with on arbitrary number of eigenvalues overlapping the continuous spectrum. Again now we will find a well defined 
, final pointer basis that will be used to explain quantum measurements in a very easy way. In paper we have 
' explained the philosophy of the method, which we do not repeat here for the sake of conciseness. 
1^ \ The mathematical method that we will use is a generalization of the perturbation method for systems with contin- 
-««^ ' uous spectrum introduced in paper This generalization will be explained in section II. In section III we will solve 
the system and find its final pointer basis. Section IV will be devoted to the use of the system to explain quantum 
measurement. We will state our conclusion in section V. An appendix, to show complementary results, completes the 
paper. 

s ■ 



II. PERTURBATIVE DIAGONALIZATION OF A LIOUVILLE OPERATOR 



We will generalize section III of paper ||] for the case when the liouvillian has many discrete eigenvalues. This 
■ generalization is quite straightforward so we will only sketch the main calculations. But let us begin by reviewing the 
^ corresponding Hamiltonians. 



We will have Q 



(li) H = H^ + H^ , (1) 



where the free Hamiltonian reads 



N 



(I2) H"" ^Y.^r\i){A + ! duJLo\uj){Lo\ . (2) 

i=l 

The first term of the r.h.s. will play the role of what is usually called the "system" and the second one the role 
of the "environment" , f2i > are the discrete eigenvalues and < a; < cx) is the continuous spectrum. In order to 
follow the literature as close as possible we will use the review paper ^ as a base, so we will choose an interaction 



'^The numbers to the left of the equation corresponds to the equations of paper |g| and can be used if the reader would like 
to follow both papers. 
^Also see bibliography of paper bl. 
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similar to V = {J2n 9") -^j where Qn are a set of environment oscillators and x is the position of a particle (the 
"system"). Then in this V there is neither interaction among the environment modes nor the particle modes. There 
is only interaction between the environment and the particle. These properties, translated to our model, give the 
following interaction Hamiltonian 



N ^ N oo 

(I3) H^ = J: I du;V^,\u;){i\ + Y: J du;V,^\i){u;\ , 

i=l i=l 



(3) 



where VL, i = Vi^^. For simplicity we will take i real and V^^i = Vi^. The basis of the operators of the system we 
will use is the following set of vectors basis 



M^|..)(c.|, \^u)^\i){u:\, 
\uo^)^\0J){^\, \oju;')^\uj){u'\, 

as in papers [|j ||] . The corresponding co-basis for the state will be 

(w| , {ujuj'\ 

such that 

{'ij\T''j') = ^ii'5j]', {uj\uj') = 5[uj ~ uj') , etc. 
Using these bases the unit superoperator reads 



00 00 

00 00 00 

+ J duj \u} i){uj i\ + J duj J dui' \uj uj'){llJ 



Also the free liouvillian reads 



('c;c;^ ij i 

\'-"~' J oo oo oo 

+ J du {lo — Qi)\LU i)(uj i \ + J duj J duj' (w — to') \ll!uj')(uj uj'\ 



(4) 
(5) 
(6) 



(7) 



(8) 



i 







and the interaction liouvillian is 



i 

(56) +^ 



Li = E / [K., \u;j) - V^j \iLo)] + 

1,3 

C30 oo oo 

J duj J duj'V^i\ujuj') -J2 I duj'Vj^'\ij) 
j 





oo 



oo oo 



J2 J dwViui - J duj J duj'V^' j\uj u}') 
jo 



OO OO 



JdLjJ dLJ'J2[V^u.\iUJ')-V,u,>\uJi)] iujLj'\ + 

i 
oo 

/ dujY.[^^^ N^) - ^ic^ k*)] {^\ 

i 



(9) 



Now we can repeat all the computations of paper [|j from eq. (62) to eq. (69) with no changes. The first change 
appears in eq. (70i) when we must define the proyector on the invariance space of the extended evolution liouvillian 
Lg^j, that now reads 



(70i) ^^ = Y.Vi){iA + ] duj\uo){uj\ 



(10) 
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Now we can extend I, and to the complex plane as in paper 



lext^E I*J)(*J| + J dLu\Lu)iuj\+J2Idz'\lz')iiz'\ + 

(59) ^.3 i r 

+ J dz \z i){z i\ + J dz J dz' \z z'){z z'\ . 
if f r 



(11) 



LLt = - ^j) + EIdz' {n, ~ z%z'){tz'\+ 



(60) 



1,3 



i r 



+ E/ dziz-n,)\zi)izi\+ J dz J dz' (z - z')\z z'){z z'\ 
if r r 



(12) 



^\xt — E 
i,3 



J dzV,^\zj)-f dz'V,,,\iz') 



(*j| + 



(61) 



i r 
HSdz 



J dzV,^\zz')-Y.V,,Ai]) 



E V^,\ij)- J dz'V,,,\zz') 

T \_3 r 

jdz] dz' Y.[y^z\i Z') - V, I Z i)\ {Z Z'\ + 

j:jdz'V,,,\iz')- JdzV,,\zi)iz\ 
i r r 



{t z'\ + 



(13) 



and we can define the "non-diagonal" projectors: 



Then 



\d-5Il*^')(*^'l 

i¥=3 



= Po + Fnd + Fr 



rr 



(14) 



(15) 



where the last three projectors correspond to the last three integrals of eq. (pi]). 

Now we are ready to compute the discrete diagonal spectrum and the corresponding eigenvectors. Everything will 
be the same as in paper e.g. A-°^ = A^-^^^ — until we reach eq. (74) that now reads 



(74) Ai^)|4"))= fPoLi,,QooMiTQoILLtPo 



where 



rr ■ 



(16) 



(17) 



From the definition of Pq (|T^) we see that only discrete diagonal terms with vectors (ii) remain between the square 
brackets of eq. ([l^). Then this eigenvalue equation reads 



27ri 



E, ^.J")("l'/'i-^)-^.J")(^-f^O(C^I 



(0) 



= A 



(2) 



E.N*)(**l4°^) + /rf^M(^lO 



(0)^ 



(18) 



and it has the solutions 



(77) 



a£^) = 



a(0) 



(19) 



)=E^H^-^i)\i^) + \^) 
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Then, as in paper ||], the degeneration of the discrete eigenvalues of L" (namely oo x oo) have being partially 
removed since now we have just an oo degeneration for eigenvalue A^; = 0. Going to higher orders it can be shown 
that this degeneration always remains. We could have forseen the solution (jl^), since there is no interaction among 
the discrete modes, there is only interaction between the discrete and continuous modes, so solution (^9|) must be just 
the sum of the corresponding solution of paper [|j (see eq. (77)). 

In analogous way we can find the corresponding eigenbras 

(84) . (20) 

The computation of the rest of the spectrum and the eigenbasis fohow the same hnes and we obtain 

oo 

Iea;t = / I'/'u; ) (V'..^ | + ^ 1 ) (V'dij | + ^ J du\cj)ui)ilpui\ 

+ j du'\<l)^u'){i'iu'\+ j du J du'\(j)uu')i'4'uu'\ (21) 
* r r r 



Lex* = ^ Adij \4>dij)ilpdij\ + X! y ^^-^"i \4>ui){i^ui 



r 



+ J du \iu' \(t)tu'){i^iu'\+ J '^^ J du' Ku' \(f>uu')i'(puu'\ (22) 

« P r r 



where up to second order for the eigenvalues: 



dhJ 



-V'^.'P \ L y2 ^ 



(23) 







and for i = j the corresponding eigenvectors are 



\4'dii) = \ii)+ [duj— [duj— \iuj) (24) 

J ik~UJ J ill - IV 



(ipdiil = {uj = (25) 

these are the only new results (see appendix for the corresponding calculations). The rest is a simple straight 
generalization. Precisely 

Xui ^ u - rii (26) 

= \m) + ~ f du'^^^luu') (27) 

u ~ Hi J u — Hi 

r 

ii^m\ = im\ + ^^^[izi\-iu\] (28) 

oo 

Xi ^,=n,^u' + tnVl , - [ dLo {P—^ (29) 

J U-ili 


\4'iu') = \iu) + ^" ' - I du \uu') (30) 

u — Hi J u ~ Hi 

r 

(V^ju'l = (iu'l + ^ - (u'|] - \ du^^^^^{uu\ (31) 



— Hi I u — H 
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|(/>n«') = \uu') + ^ 

i 

{tpuu'l = {uu'\ + ^ 



Vui I . Vu' i I .N 

— Fr(*" I + ~ — Fr(^*l 

U — \ h U — \ h 



(32) 
(33) 

(34) 



So now that the generahzation is completed we will see the physical consequences of these, somehow unfamiliar, 
equations in the next section. 

III. DECOHERENCE AND THE FINAL POINTER BASIS 

Let us first study the decoherence in the energy and then the one in all the observable of a CSCO that contains 
the Hamiltonian. 



A. Decoherence in the energy 

From paper |Q we know that a generalized state (let say at t = 0) reads 

(p(O)l = J dcjp^ {tp^\ +^ pd2j {ipdijl + 



E 



+ 



+ J du) J duj' pu, cu' {ip , 



(35) 



where the p satisfies the conditions stated in the quoted paper p^ — p^ ^ 0; pdij — Pdj i', Pda ^ 0; puj i — piuj ; 
Piv Lj' = P^ 0, and 



/•OO 

/ duj p^ + y2 

Jo 



Pdii — 1 • 



Using the diagonalized liouvillian of eq. ( p^ we can write the same state at t (up to second perturbation order in 
the eigenvalues) as: 



= j Pu (w| + 

+ E Pd^^ ('^d^J\ exp {t [-TT - ^) + i {Vt, - Vtj) - 

+ V / d7.p„,(V'„,le*("-^^')* + 
+ Y.j^ d^'p^n' (V'^«'|e*("'-"')*e-"^'^^'* expl -z 
+ j_du j d?/'e^("-"')*(V'„„'| 



dcj — 



(36) 



In paper for the sake of simplicity was postulated that was a regular function. Now we will change this asumption and 
allow to puj to contain Diracs deltas as S{lu — Sli). 
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Taking into account the Riemann-Lebesgue theorem and the dumping factors we have: 

hm {p{t)\ = / dujp^ {uj\ + pdii (V'rfjil = P* (37) 

i 

begin the equihbrium final state. 

So, as in paper the state p{t) decoheres into a diagonal state of the continuous part of the spectrum. Thus, we 
can ask ourselves where the terms are corresponding to the discrete part of the spectrum of the free liouvillian 

ipm = J2pi^A'j\ (38) 

when t — > oo. They are dissolved in the continuous spectrum but they are still there as we will see. While the 
off-diagonal terms i ^ j have disappeared as it should, dumped by their evolution factor, the diagonal terms i = j 
are in p^^. To understand what is going on let us begin by a simple case. Let us suppose that t = there are only 
discrete terms, and let us write the diagonal terms of (p(0)| in the eigenbasis of L 

P°i^ ("\ = '^P'^ (^1 + X! P'^" [("I ^ = (39) 
i i 

where we have used eq. ( p5| ) to compute {ij^d Then we necessarily have 

Pd ii — Pi i 

Pu^Y.P'^^^^^-^^) (40) 

i 

as it can easily be verified. Thus from eq. we have 

^hm(p(t)|= / da;5]pO,<5(o.~f],)(^l =Y.P°,d^ = = P* (41) 

So we have found the final pointer basis {{uj = in this case i.e. the pointer basis for the discrete part of the 
spectrum. 

If the initial conditions would be completely general, with discrete and continuous diagonal components, etc., i.e. 

{pm^J2P%('^\ + / dc^plH+... (42) 

(where and (c^l are now considered as eigenvectors of Lq and the dots symbolize other of diagonal terms) we would 
have in the basis of L 

{p{0)\^J2pd" J dLup^{uj\ + ... (43) 



so 



Pd^^=P°^ (44) 
i 

So in this general case we have 

lim {p{t) I = ^ pO , (c. = r!, I + / dc^ ^ p"^ (c.| = (46) 

i i 

since all the off-diagonal terms (the dots) disappear as explained so the whole final pointer basis is {(a;| , (lj = 

As an illustration we can compute the time evolution of the diagonal terms (discrete and continuous) for the simple 
initial condition (p9). The evolution equation is 
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(p(t)| = (p(0)le^^* (47) 
and all its elements must be projected under the diagonal projector 

dcJ\(|)^)iiJ^\+Y^\(|)d^i){i^d^^\ (48) 
i 

We will add a subindex d to the projected diagonal states. Then if 

i 

it turns out that 

ip(.'t)\d = '^Pdii{ipdii\ exp{i\diit) + dujp^ {tp^l = 
i 

^Y.P°" ^1 ^M-27tVI ^t)+J2Pu[^- eM-27TVl , t)] {co^n,\ (49) 



where we have used eqs. ([iol), ( |l9| ) and (|2(]). Now we can clearly see how the factor exp(— 27rVQ ^ t) produces the 
decay of the discrete states (i i\ while the factors [l — exp(— 27rVj2 ^ i)] make grow the states in the final discrete pointer 
basis: {(w = as it should be. 

B. Decoherence in the other dynamical variables of the CSCO 

If, as in paper |Q we could have other observable {Om} in our CSCO (where m = 1, 2, .., M and we consider that 
the spectra of these Om observable are discrete for simplicity). Then the initial state (that generalizes the one in eq. 
(H)) would be 



(50) 



/•OO 

(p(O)l = y2 Pijmm'i'ijmm'l + y2 / duj pu;mm' {i^mm'l + ... 
■ , , Jo 

where the dots symbolize terms in the other vector of the cobasis. Then we would end as in (|4^) with 

/•OO 

{p*\^ Piimm'i^ ^^imm'\ +'S^ I duj pujmrn' {ujmm'l + ... (51) 

t ra m' m m' 

Now, following, step- by-step, section IIB of paper we can diagonalize the matrices pumm' and Pumm' to obtain 

/•OC 

p* ='^Piirr{(^ = ^irr\ dui p^rr {(^rr\ + ... (52) 

r -^0 

where r = 1,2, ...,M and where {{ujrr\,{uj = il.irr\} is the final pointer basis that now corresponds to the final 
pointer CSCO {77, Pi, Pm} where the Pi have only discrete spectra by the assumptions made at the beginning of 
the section, and as in eq. (22) of paper |^] they read 

/•OO 

Pj = V P.^i^ {uj^n,rr\+ dcu (w r r\ (53) 

Jo 

For the sake of simplicity, as in paper Q , we can make 

f^«=pW=.0) =(.«,,«,...,,«) (54) 
in such a way that the eigenvalues r'^-'^ label the eigenstates of P, . In this way the final pointer CSCO is defined. 
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C. Wigner function 



Always following paper it can be proved that the Wigner function corresponding to reads 

/>oo 

{q,P) =^Piirr pYMiP) +^ j dxjPujrrP^ril^P) (55) 

r -^0 

where 

pZ{q,p) =CS[H'^{q,p) - a,] S [P^{q,p) - n] ...6 [P^{q,p) - tm] (56) 

p^Aq,P)^Cd[H'^{q,p)-uj] S[P}^{q,p)-n]...S[P^{q,p)-rM] (57) 

Therefore we see that the classical analogue of the final pointers basis, p^^. and pf^, are densities which are peaked 
along classical trayectories defined by the constant of motion ri... rjv/l and {Qi ri... rjv/l respectively. Moreover they 
are ^ 0. 

So everything that was said in paper Q for just one discrete eigenvalue ujq can be now repeated by the finite set of 
discrete eigenvalues e.g. the histories-decoherence version of the theory ( |Q Appendix C) can be repeated 

word by word. 

IV. QUANTUM MEASUREMENT THEORY 

In this section, as an application we will sketch the elements and results of quantum measurement theory using the 
results of the previous sections. 

As explained in review paper §, that we take as a guide, let us consider a system with eigenvectors \si) and 
a measurement apparatus with eigenvectors \Ai), where now the index i represents the set of indices «,r or better 
j, Ti, rjvf of the previous section. Now we know that the measurement evolution brings a generic state of the system 
and the apparatus j-^o) — IV'}|^o) to a new one \'ipt), precisely 



(58) 



So this premeasurement process just correlates the state of the system with those of the apparatus. The corre- 
sponding density matrix evolves under this process as 

Po = l'0o)('0o| \->Pt){ipt \ = Pt (59) 

So the final state is as pure as the initial one. This is precisely the quantum measurement problem: we must explain 
how this pure state pt evolves to a diagonal density matrix, in such a way to allow classical-boolean measurements. 
The problem is readily solved if we call \si)\Ai) = \i) and we consider that really the hamiltonian at the whole "system" 
(i.e. system, plus apparatus) is the first term of the r.h.s. of eq. (H) and to which we have added an "environment" 
with an hamiltonian corresponding to the second term. Essentially the environment is the universe, so it is natural 
to endow this system with a continuous spectrum, since the universe contains at least the electromagnetic and the 
gravitational fields (both with continuous spectra). To this Hq we can add the of eq. (^) that would be the 
simplest coupling possible. 

Then, as proved in eq. (^Tj) the matrix 

Po = IV'o)('0o| = ^aiaj\i){j\ = ^aiaj{ij\ (60) 
evolves to the final diagonal density matrix 

p* ^ IfliP (w = f^il (61) 

in the discrete final pointer basis {{uj = f2i|}. Moreover the corresponding Wigner functions of the vectors of this 
pointer basis are the ones displayed in eq. ( p6| ) which capture their classical nature. In this way the measurement 
quantum process and its classical output is completely explained. 
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V. CONCLUSION 



As systems with continuous spectrum are very frequent in the universe if is clear that they cannot be excluded 
from the environment. Moreover an environment endowed with a continuous spectrum is very useful since if allows 
the use of Riemann-Lebesgue theorem. Nevertheless a big problem was that in such a system only the continuous 
diagonal states are stationary and therefore the only candidates for final equilibrium states are there. What is the 
ultimate fate of the states of the discrete spectrum is an intriguing question that deseaved an answer. The answer 
is given in this paper. Such states dissolve themselves in the continuous diagonal but they remain as Dirac's deltas 
originating the pointer basis {{uj ~ With this answer in hand it is easy to foresee the evolution of the system 

and to introduce a simple explanation for the quantum measurement process. 
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APPENDIX A: PERTUBATION 

The only really new characters in this paper with respect to those of paper j|] are the discrete off-diagonal elements 
with i j. Then let us compute their eigenvalues and eigenvectors with the pertubation method of this paper. 
At zero order we have 

(85) l4t) = Kj) (Al) 

At first order we must solve 

(63) (A(") - LO,,)|</.(i)) = (LL* - A(i))|0(o)) (A2) 

that in this case reads 

in, - % - hlM'^) = (LL - A(i)) \^J) (A3) 

which multiplied by {i' j'\ gives 

(a - % - n,, + %0(i'j' I </,(!)) = -A(i) 5,,. 5jj, (A4) 

because from (^ (i' j'|Lg^(|z j) = since there are no term \i' in L^^^. So if i = i', j = j' (even if i ^ j) we 

have A(i) = 0. 

Now from eq. (0) we have 



oo 



so 



(a-%-L°^J|(/.«)= / dujV^,\Ljj)- duV^j\iuj) (A5) 

Jo Jo 

(1) f duVui I .s [ du'Vu'j ,. , , 

We now can go to the second order where eq. (64) of paper gives 

(A(«) - LL)|0(^)) = (LL - A(^)) |0(^)) - A(2)|</>(°)) (A7) 
which premultiplied by {i' j' \ reads 
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in, ^ - n,, + %0(i'/|</,(2)) = (i'/|Li,,|0(i)) - a^^) s,,, 5,,, 



(A8) 



u — u ) + 



du 



I V j' u' Vu' j'' 



du 



r 

f^i u' ^u' 



Now making i = i' , j = j' we have 



du^^ 



y2. 

du- 



But 



du^^ 



dio- 



— inVr 



Uj j 



dtoV^^P 



L 



du „ ^iwVr^ 



/p — ' U 

(cfr. S eqs. (89) and (91)). Then 



and the computation is finished. 



f2i i 



duj 



LU — Hi 



- P 



(A9) 
(AlO) 
(All) 

(A12) 

(A13) 
(A14) 

(A15) 
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